We consider a canonical ensemble of dynamical triangulations of a 2-dimensional sphere with a hole where the number N of triangles is fixed. The Gibbs factor is exp(−µ deg v) where deg v is the degree of the vertex v in the triangulation T . Rigorous proof is presented that the free energy has one singularity, and the behaviour of the length m of the boundary undergoes 3 phases: subcritical m = O(1), supercritical (elongated) with m of order N and critical with m = O( √ N ). In the critical point the distribution of m strongly depends on whether the boundary is provided with the coordinate system or not. In the first case m is of order √ N , in the second case m can have order N α for any 0 < α < 1 2
Dynamical triangulations is a popular approach to quantum gravity, see for example [2, 11] . We consider here two-dimensional planar model with the action, used earlier in [10] . The main peculiarity of our paper is that the sphere contains a hole, the boundary length of which is a dynamical variable. Our results show the existence of a critical point in the canonical ensemble, three different phases and instability of fluctuations of the boundary length at the critical point.
Many of our results do not depend on the class of triangulations considered but for definiteness we consider triangulations T of a two-dimensional sphere with a hole, called quasitriangulations in [3] . They consist of vertices, edges and triangles, but are not assumed to be an abstract simplicial complex. For example, several edges can connect two vertices. Let V (T ) (L(T )) be the set of vertices (edges) in T , L(T ) includes the boundary edges.
Let T 0 (N, m) be the set of all such triangulations with N triangles and m ≥ 2 edges on the boundary. We assume also that on the boundary one vertex and an edge incident to it are specified, thus fixing the origin of the coordinate system and the orientation. In T 0 (N, m) only equivalence classes of such triangulations are counted, under homeomorphisms that respect the origin and orientation. Let C 0 (T, m) be the number of such equivalence classes. Canonical distribution is defined by the probability P 0,N (T ) of triangulation T
This is a particular case (with parameters t q = t) of the Gibbs factor
used in [10] , where n(q, T ) is the number of vertices of T having degree q. The partition function can be written as
We will observe phase transitions with respect to parameter µ 1 . It has the critical point µ 1,cr = log 12. Let β 0 = β 0 (µ 1 ) be such that
Let m(N ) be the random length of the boundary when N is fixed. Its probability can be written as, using |L(
Theorem 2 There are 3 phases, where the distribution of m(N ) has quite different asymptotical behaviour:
Thus the hole becomes neglectable with respect to N .
• Supercritical region (elongated phase), that is 12 exp(−µ 1 ) > 1.
Here the boundary length is of order O(N ). More exactly there exists ε > 0 such that lim P 0,N ( mN N > ε) = 1.
• In the critical point, that is when 12 exp(−µ 1 ) = 1, the boundary length is of order √ N . The exact statement is that the distribution of mN √ N converges in probability.
Proof. We use the combinatorial method of Tutte [4] instead of random matrix representation of two-dimensional gravity [9] . We use the following formula [3] , where N = m + 2j,
By direct calculation we get, taking into account that N → N, m → m + 2 corresponds to j → j − 1, m → m + 2
= exp(−µ 1 + log 12)
In the subcritical case for fixed m and N → ∞
and thus as m → ∞, for example for even length, lim N P 0,N (2m) ∼ m→∈ Cm exp(m(−µ 1 + log 12)). At the same time the second factor in (9) is less than 1. Thus from
we get F = − 
From (9) the assertion of theorem 1 also follows in the supercritical case, if we put m = βN, 0 < β < 1 In the critical point both expressions coincide, but the free energy is not differentiable at this point.
To prove the second assertion of theorem 2 put 12 exp(−µ 1 ) = 1 + r and estimate separately all 3 factors in (9) . We get, that there exists 0 < δ ≪ ε ≪ 1 such that for any m ≤ δN
The result follows from this.
In the critical case the result follows similarly from from the estimates (for even m = β √ N )
Then for any 0 < α < β < ∞
as ε → 0. Let us remove now the coordinate system from the boundary. That is we do not assume that homeomorphisms respect the origin (the specified edge) on the boundary. The free energy remains the same. Only in the critical point the distribution of the length changes -stronger fluctuations appear.
Theorem 3
In the critical point without coordinate system the boundary length is of order N α for any 0 < α < 
converges to the uniform distribution on the unit interval, that is
From triviality of the automorphism group for almost all T , it follows that C(N, m) ∼ 
It is easy to see that for 0 ≤ α ≤ β ≤ 1
Conclusion We will make now some remarks concerning possible extension of these results. In was known that in the pure gravity model without boundaries the critical point itself is not universal: it strongly depends on the class of triangulations. Similarly, the critical point µ 1,cr changes when we consider similar models with k holes. The corresponding critical points µ 1,cr (k) tend as k → ∞ to the critical point for the model without boundaries. Moreover, in the model without boundaries the effect of fixing the origin changes the critical exponent from − 
